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Abstract

A discrete dynamic models of open- and closed-loop DC-DC PWM
buck- and boost-converters are discussed. The discrete model, as com-
pared with a continuous one, has the following advantages: it pro-
vides more exact voltage and current values in view of their pulsating
character, and is more adequate for the analysis of converters with
digital control devices. The discrete model is obtained by s- and
z-transformations of the basic equations set of the converter over a
switching cycle. The theoretical results are confirmed by SPICE and
Simulink simulation results and agree with the experimental results on
a laboratory prototype.

1 Introduction

The continuous model is the most widely used in the analysis of dynamic
and static modes of DC-DC PWM converters. The beginning of appli-
cation of such model ascends to [1], with later applications extended to
complex enough structures, for example in [2], and also to converters with
soft switching [3]. The continuous model allows one to permit average values
in dynamic and static modes, that is sufficient for a certain class of problems.
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This approach, however, suffers from a number of the following main defects:

1. The continuous model does not give information about the change of
the voltage and current instant values, as well as about their ripple.

2. Representation of DC-DC PWM converters with the help of the con-
tinuous model is badly combined with modern means of digital control
and with the capability of construction of high-speed automatic control
systems on their basis.

3. The usually used continuous linearized model generally cannot give
understanding of such important modes as the period doubling and of
the subsequent forming of chaotic modes [4].

As will be shown below, the proposed dynamic model completely elim-
inates two first defects. And though pulse linearized model is used, it, due
to keeping its discrete character, can examine the unstable modes as the
regimes with the consecutive period doubling.

DC-DC PWM converters form the electrical circuits with variable struc-
ture, each of which is described on a certain time interval by a set of dif-
ferential equations. To get the complete solution of such circuit, the results
of solution on separate intervals should be matched to get the general dif-
ferential equation [5]. The characteristic feature of this paper is that the
pulse model is obtained by s- and z-transformations of the complete initial
equation set without its solution on separate intervals and without subse-
quent consecutive fitting of results and getting the final differential equation.
Such a way is not only simpler, but also keeps a large clearness and is based
only on some general characteristics of the circuit - such as the pulse and
transitive characteristics.

The paper has the following structure. In Section 2 the general dynamic
pulse model of the buck converter and its interpretation for an opened loop
and a closed loop system is given. In Section 3 the construction of such
model for boost converter in different modes is shown. In the last Section 4
the experimental test of the proposed theory is given.

2 Dynamic impulse model of buck converter

Fig. 1a shows the buck-converter, filter and load. The equation system
describing this converter, can be written in the matrix form as
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— = A Bi;
dt 1T + 1
dy (1)
— = A Bs;
dt 2y+ 29
d = f(UC)a
where matrices
= [21, T2, ..., Tu] 5 (T1 = G0, Tn = V,);
yT = [3/1’ Y2, -eey yn] ; (yl = ko“o» Yn = 'UC)

and
Bl = [V;,d, 0, ...,0]; B = [Vyes,0, ..., 0]

The equations are obtained using the notations of Fig. 2b, where d is
the switching function of a buck converter. Let us write down the equation
system (1) for the increments of all unknown parameters shown at Fig. 2:

dg N

= — A4+ Ba:

0t 12 + Di;

» (2)
) N A

= = A Bo.

at 2y + D2

For linearizing the system (2), we will consider small enough values of
increments. In this case, the increments d can be replaced by the pulse
function acting at the moment of the increments d in view of reduction of
its duration to a small enough value. The amplitude of pulse function should
be equal to the duration of the increment d. This transformation is shown
in Fig. 2f. Using this transformation one gets for the matrix E{

a) for the open loop system,

n .
. Vi
B = \Vin 3 8(t — kT) =T, 0, 0] , (3)
— ‘/;“amp
k=0
b) for the closed loop system, v¢c = f(t),
- . b (kT
BY = Vi S 6(t — kTS)MTsF, 0,..,0] , (4)
=0 V;‘amp

where F' is the ripple factor.
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Figure 1: DC-DC PWM converters in a closed loop system. a) the buck
converter, b) the boost converter.

The whole equation set has the form:
d = f(dc). (5)

The sense and meaning of the factor F' will be explained in Section 2.
After the Laplace transform of (3), (4), one gets:

[Is — A1]i(s) = Bi(s);

i(s) = [Is — A1) "' By (s),
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where [ is a unitary matrix.
The solution of system (6) relative to the parameters z, = ip and &
gives:

ct[[1- s B ]|

Z.O(S) :kmz |[IS—A1]| 9 60(8) :an HIS—A:[” 9
k=0 k= (7)
After conversion of these expressions one gets
%0(5) = kin > Xio(S)e_kTS@C(k:TS)§
" (®)
@O(S) = kin Z XVO(S)G_krgﬁc(kTS),
k=0

where X;,(s) and X,,(s) are the Laplace transforms of the pulse charac-
teristics of the general buck converter circuit at the closed switch condition
relative to the input current ¢ and output voltage v,, respectively.

Going over the time domain

(Xi,(s)e ¥ — X, (t — kT,) and X, (s)e " — X, (t — kT%)),

in discrete time points ¢ = nTs and after z-transformation, one obtains z-
images of required parameters:

io(2) = kintco(2) - X{ (2);
(9)
0o(2) = kintc(z) - Xy, (2).

2.1 Open loop system

The transfer characteristics an "output current - control" and "output volt-
age - control" for the open loop system are:

sz(z) = ka;;(Z),

Gvd(z) = ka‘*/O(z), (10&)

The transfer characteristics "output current - input voltage" and "output

voltage - input voltage" for the open loop system are:

Giv(2) = chfo(z);

va(z) = k:cX‘Z(Z), (10b)
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Figure 2: Main theoretical waveforms of the buck converter circuit.

431



where
VoFTs

k pu—
V;’amp

C

The adequacy of use of a pulse sequence function for the description
of transients is checked up with the help of simulation programs Matlab-
Simulink for the model constructed for the following parameters of buck
converter: V;, = 24V, L, = 100uH, C, = 5uF, R, = 2.90hm, R;, =
0.10hm, f = 50kHz, V.qmp = 5V, D = 0.5. In Fig. 3 the circuit of model
corresponding to (8) is shown. For its construction it is necessary to know
only Laplace transforms of the pulse characteristics

1 s+ 2A1 1 1
Xio(s):_ 2 2 VO(S): 2 PR
082+ 2As + w? L,Cy 5% + 2As + w?
where
1 R; 1 R; 1
A= A = s wp=(1+—=7)
2R,C, 2L, 2R,C, R, L,C,
deltafi-kTs)
+ti, 8024 I
| 2066w Jed | ——— L
v si+7.Vede+21.238
Is
Produci * H/La Ko
1 J Fa
¥ 20p- | 2028 —w — -
gI47.07ads+21.258
I=
—‘ VinfVeVramp) oo Ave

Figure 3: Simulation Matlab-Simulink s-model for the buck converter in an
open loop system.

The curves of the output voltage and current response to a jump of the

input voltage from zero to V;, are given at Fig. 4a for the model of Fig. 3
(s-transformations) and according to (10b) (z-transformation), where

X (2) =

wo — 203 22 sin ¢ + ze A (sin(@ — ¢) — sin®)
—-A

wL, 22 — 2ze A cosw + e 2A
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Figure 4: Simulation results of a step-up transient for the buck converter in
an open loop system. a) Matlab-Simulink s-model, b) PSPICE simulation.
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The results of simulation of the same transient processes in PSPICE are
given at Fig. 4b.

Do =A—-A, A=A Tow=\w2-A20=w- T, tgp=

2.2 Closed loop system
de(s) = (L(S) - koﬁo(s)> LG(s). (11)

S

Going over time domain and taking into account the value of 0,(s) from
(8), one gets

n—1

00(t) = G1(t)bref — kokin Y _ 0 (kTy) - Ga(t — KT), (12)
k=0

where
Gr(t) + G(s)%; Ga(t) = G(s) Xv, (5).

Passing to z-transform, one gets for discrete moments ¢ = nT

A~

Uo(2) = G1(2)Vier — kokintc(2)G3(2), (13a)
from which
R e Gi(z)
o (2) = Vies T+ kG5 (%) (13b)
and
-~ kinGE(2) XS
) (X7, () e

" Y heogkinGy(2)

Expressions (13b) and (13c) for the closed loop system in z-plane can be
obtained directly: X7 (2) is the transfer function of the closed loop system,
G7(z) is the transfer function of the regulator. So:

LN T Gi(2)

200 = Ve R han G (2) X7, (2)

and (13d)
o knGi)X1,()

= V;”e .
00(2) = Vees 77 kokinG7(2) X3, (2)
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Figure 5: Simulation Matlab-Simulink s-model (a) and z-model (b) for the
buck converter in a closed loop system.

Factor F, in (4), reflects the character of pulsations of the output voltage
in the closed loop system. The meaning of F' and its definition are explained
in Fig. 2a. It can be seen that Vo = At - tan oy — At - tan ag, from which

V
At = ¢
tan o — tan as

(14a)

and, futher, taking into account that tanay = Tis and also that tanasy =

dVe }
—< one gets
[ at | 7o’ &

435



At = = = FT.Ve, (14b)

% - | % 1T, [ 4]

S nT—0 nT—0
where
1
F = (14c)
1-T, [%}
nT—0

As it can be seen, F' < 1, i. e., the total gain factor is reduced. Factor
F' is determined for different loads, in particular for the L, — R,- load one
gets

_TIs _TIs
Ts e Tolo—e To

Flea142 ——— — 15
1o 1-— 67% (19)
Lo
here T, = —.
where T, T
T
Accepting G%(z) = k,—— (G3(z) is a discrete integrator, k, = 1/T.),
one gets
> kT
N Z - Vtref zr—lS
vo(z) = . . 16a
B ===7 1 + kokinkr 27 X7, (2) (162)
Now, based on (16a)
~ k.. T
Bo(2) = = Vrep | Erhin XY, (2) (16b)
’ =1 1+ kokinky 25 X3, (2)

The Matlab-Simulink model of the closed loop system is shown in Fig. 5a.

The model is obtained based on the model Fig. 3 and takes into account

1
(8), (13b), (13c) for the buck converter from Section 2 and Ga(s) = T

for the regulator, where T = 15us and k, = 0.25,V,.y = 3V. The transiergc
curves calculated in this model are shown in Fig. 6a. The model of the
same closed loop system in a z-plane is given in Fig. 5b, and corresponding
transient curves - in Fig. 6a. The results of PSPICE-modeling are given for
comparison in Fig. 6b.

From expressions (13c) and (13d) one can get the characteristic equation
of the closed loop system
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Figure 6: Simulation results of a step-up transient process for the buck
converter in a closed loop system. a) Matlab-Simulink s- and z-models, b)
PSPICE simulation.
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1+ kokinG3(2) =0,
L+ kokinG1(2) X7, (2) = 0.

On the basis of these equations one can get the stability condition
of the system: the system is stable if |z|<1. Root locus for F(z,K) =

1+ KkokinG7(2) Xy, (2) for the buck converter from Section 2 and for the

regulator Ga(s) = %, where T = 36us and k, = 0.25,V,.y = 3V, are

given in Fig. 7. The analysis shows that stability of the system is provided
for K < 2.

(17)

nst

H a

= Or :

= -
05} :

1.4

Figure 7: Locus of the roots for z-models of the buck converter.
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3 Dynamic impulse model of boost converter

The scheme of the boost converter with the closed loop system of regulation
is presented in Fig. 1b. Taking into account notations of Fig. 1b and Fig.
8a,b, the system of equations for the open loop system can be written as

Lipn—— od1 = Vin;
0 + vody
(18)
dv, Vo .
e a5 — md .
C 7 + R, Uindl
3.1 Open loop system (D=const)
For changes of only input voltage, the equations for increments are:
dbim, ~
Lip—— o1 = Vin;
o + Vol
(19)
diy B0
COE R_O = Zzndl.

Replacing the increments by the equivalent pulse functions, one gets

dz; N n n
Lin 2 — Vi Ty 32 8(t — KTo) — DiTy S° 07, 8(t — KTy — DT):
dt k=0 k=0
(20)
di, n
Co=2 4 4= DT, S i, 8(t — KTy — DT),
dt =0

where 25, i, Do) are the instantaneous values of the current %;, and voltage U,
at the moments t = kT, and i;"n i and 07, are the values of these parameters
at the moments ¢ = kT, + DT5.

Caring out the same sequence of operations as in the case of the buck-
converter, i. e., producing the Laplace transformation and replacing it by
the z—transformation, one gets

DT, =z ~ T 22

Nk

tin(2) + =7 06(2) = Vmme?

(21)

DT, Ze_AD . R
- C - y — e_Az;‘kn(Z) + UO<Z) =0,
o
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Figure 8: Main theoretical waveforms of the boost converter circuit.
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Ts
R,C,’
Let us express the values of parameters marked by the symbol () with
the aid of the parameters i, ;(z) and 0, x(2):

where A =

where
_ DiT; ze AD _ DiT; ze AD

Lin a1 ai(2) C, z—e A

Based on (23), one gets for the boost converter

ay(2)

. TS bQZ'Z2 + bliz
N Lm a222 +aiz + CL()7

Gw(z)
(24)
a (Z) . DlTSQG_AD bngQ + by z
v a L;,C, a2z2 + a1z + CL()7

where o
A DITS 6—2AD.

—-A
pap=—(1+e ") ax=1+ ;
( ) Linco

ag=e€

D277
bzlb:— —A ISD—QAD,
2 ; 014 (6 + Linco € )a

Dy T DiT?
by = (1+ D) e 25 by =~ De 8P,

Fig. 9 shows the schemes of the Simulink-models, which are based on
the direct simulation (20) and on the z-transformation (24). Fig. 10a shows
the results of simulation of the starting process of the boost-converter with
the following parameters:

Vin = 24V; L;, = 400uH; C, = 20uF; R, = 1092; fs = 50kHz; D = 0.5.
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Figure 9: Simulation Matlab-Simulink s- and z-models for the boost con-
verter in an open loop system.

3.2 Open loop system (Vin=const)

Let us consider construction of a pulse model of the boost-converter at
change of its duty cycle. Fig. 8c,d shows the graphics of current ¢;, and
voltage v, for the change of the duty cycle from its initial value (marked by
index “0”) to its final value for a general change of duty cycle D. Based on
the notations of Fig. 8c,d , we can obtain the following set of equations:

dAin ~
LG% + (dlvo - leVOO) = 0;
(25a)
dv, U, )
COE + R_o = (dllm —d IOIino)~
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z-transform

Figure 10: Simulation results of a step-up transient process for the boost
converter in an open loop system (D=const). a) Matlab-Simulink s- and

z-models, b) PSPICE simulation.

443



After transition to pulse functions and substitution of the right-hand
term values we have:

~ noo . n
Lin dczlit” = VooTs > Dyd(t — KTy — DTs) — DT ) 0} ,.0(t — kTs — DTy);
k=0 k=0

~ n n A
CoBo 4 9y = D1 Ty 3" 0%, 0(t — kT — DTy) — LinoTs S Dyd(t — kT — DTy)
k=0 =

k=0
(25D)
Now, based on Fig. 8c,d, we can write down the increments of all values
and after that perform the s- and z-transformations. As a result, we obtain
the following set of equations:

. . - VooT's z 2
tin(2) + ay(2)00(2) = DL—in (z — 1) :

_I7,T7,O + ‘/;, TS)Q(Z) z
Dy Lin - 21

(26)

—a;(2)iin(2) + Do(2) = D(

from which 9
~ VooTs baipz”® +b1ipz

Gi(z) = :
Zd( ) LG a2Z2 +2a12 + ao (27)
G (Z) _ Vool's baypz* + biypz
vd Lm a222 + a1z + CL(]7
where
D2T2 V. L. L
boir = (1 — 1 SefQAD;b‘ :_G—A; _ Vin _ _tino 1n;
2iD ( g—LmC'o ) 13D g Vo 7VMD1TS
and DT Dot
S — S
bavp = é (1+g)e 2P byyp = — é ge 2P
o [0

The Simulink simulation results for a pulse model are presented in Fig. 11.
The values of parameters are the same as in the previous case for D = (.1.

3.3 Pulse model of the boost converter in CCM

In the current control mode, the voltage and current changes in the boost
converter are determined by the given change of current from its initial level
I¢, to the level Io (Fig. 8e ). This results in a change in D:

D = (Ic — #in) cot a, (28)
n

VinTs

where fc =1Ic—Ig,; cota =

444



——mmmm e — - -

ettt I Tty R i) el sl iy Pt

m———

=3 T

OF------F-co--d

-2

14 16 18

1.2

0g

g

04

0.z

a)

___T_________'I__________I__________I'_________'I

ili

2.8ms

>y
-y +

180

-2h0-

3.2ms 3.6ms 4 A8ms

2.8ms

2.4ms

b)

Figure 11: Simulation results of a transient process for the boost converter in

an open loop system (Vin

simulation.

const). a) Matlab-Simulink z-model, b) PSPICE
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In general, the equation set in the z-region is similar to (26), i. e.,

2
. ( o T z
in = %oD T 7. o
tin(2) + ay(2)062) oI RS

(29a)
. T, ze AD DT, . ze AP

bo(2) = — Iy D= I :
%o(2) Co CCOZ—e—A+ C, O —eA

Taking into account (28), one gets

) X i Voo 2
—cv (2)iin(2) + av(2)o(2) = ICV, m;

(29b)

~ ¥4
— Icci(z)

—i(2)ii(2) + 0o(2) = Loai(e) —— T

where

< ‘/oo' _ Lin Ico ze” AP

—; ¢i(2) = —.
z2—1Viy Z() C(o‘/;nz_eiA

Based on the last set of equations in the continuous current mode, one
gets

Cv(z) =1+

doiz? + dy;z

GZC(Z) = 0222+012+007
(30)
d d —AD
GUC(Z) _ 21}2"‘ 20€ ’
czé 4+ c1z+ ¢
where
DIICOTS V;)o V;)o —A DIICOTS —2A —A
A O T A e
‘/oo —92AD 2 1 TsIco V;)o
dy; = -2 —D DT - Cdy = —2;
% ‘/:L 1e s Linco C’ovjin ’ . ‘/1 ’
d2y = DlTs(ﬁ— ) ~ap, Lineo —ap.—y _ DiTs —ap_ Linleo —ap

C, \V; CoVin© C, © CoVin

Fig. 12 shows the simulation results of the boost-converter in Simulink
(Fig. 12,a) and PSPICE (Fig. 12,b) for the same values of parameters as in
the previous cases for I., = bA; I. = 1A.
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Figure 12: Simulation results of a transient process in CCM for the boost
converter. a) Matlab-Simulink z-model, b) PSPICE simulation.
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3.4 Closed loop system

In the closed loop system, the change of the duty cycle Dy, in the k-th period
in (25b) is determined as
- 0 F

¥ ‘/ramp ’
where 7, is obtained according to (11). The simultaneous changes in the
input voltage V;, and duty cycle Dy, are taken into account by the system
of equations (20) or (25b) where the right-hand part of a new system will
be equal to the sum of terms in the right hand parts of these equations not
containing variables ¢, and 7} .

Fig. 13a shows the results of simulation of the starting process of the
boost-converter with zero initial conditions in the closed loop system in
Matlab-Simulink. The circuit parameters correspond to those mentioned
above, the feedback factor k, = 0.1, and the time constant of the integral

1
regulator G'(s) = - is To = 1250pus. Calculations were performed in
sTc

the s-model obtained on the basis of the equations (20) and (25b) for joint
variations of the input and control signals. The results of PSPICE-modeling
are given for comparison in Fig. 13b.

4 Experimental results

For checking the results of the theoretical analysis in Sections 2 and 3, a
prototype of the circuit was built for: V;, = 24V; L, = 100uH; C, =
5uF; R, =2.99; f = 50kHz, transistor of the IRF-540 type for the switch
and diodes MBR.

The transient process at switching on the converter for a constant voltage
in the open loop system is shown in Fig. 14a. The same process in the
closed loop system with an integrated regulator (C' = 0.036uF, R = 1kQ)
and gain k, = 0.25 is shown in Fig. 14b. Fig. 14c shows the switch voltage
in the process of period doubling at a transition of the buck-converter in
an unstable mode (C = 0.01uF) . The experimental results and theoretical
analysis are in good agreement.

5 Conclusions

The discrete model in comparison with the continuous one provides more
precise values of voltages and currents, especially at small inductances and
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Figure 13: Simulation results of a step-up transient process for the boost
converter in a closed loop system. a) Matlab-Simulink s-model, b) PSPICE
simulation.
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Figure 14: Experimental start-up output voltage for the buck converter. a)
open loop system, b) closed loop system, c) closed loop system, unstable

mode.
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capacitances. The pulse model is more adequate at the analysis of the con-
verter with digital control devices. The linearized continuous model essen-
tially cannot give understanding of such important modes as period doubling
and subsequent forming of chaotic modes. The pulse model keeps discrete
character of the converter operation, therefore its transition to an unstable
mode with appearing of period doubling are more logical for such a model.
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