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Abstract

A novel analytical sampled data dynamic model for a series-parallel
resonant converter with capacitive output filter operating in self-sustai-
ned oscillation mode (SSOC) is presented. Generalized state-space
small-signal and large-signal models, which include the high frequency
effects such as leakage inductance of the transformer and series equiv-
alent resistance of the output filter capacitor, are derived for the first
time to study the behavior under any loading condition and operating
frequency. Finally, numerical solution, simulation results, and exper-
imental results are addressed to verify the proposed methodology. It
is shown that the series-parallel converter with capacitive output filter
has better transient response than the converter with the inductive-
capacitive output filter. The presented modeling technique will be
useful in designing the resonant power supplies for low voltage and
high current applications with very fast load transient requirement.
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1 Introduction

The next decade will force dramatic changes in power supplies. In order to
have high speed data-processing chips with lower power consumption, the
voltage of power supplies has to go down below 0.5 volts and deliver output
currents up to 400 amperes for a single chip with an ultra fast transient
response (> 1000A/µs). Isolated resonant DC/DC converters will play a key
role in satisfying these requirements. The series-parallel resonant converter
is a good candidate for achieving these features. The fast dynamic response
can be significantly improved by using a capacitive filter in the output.
The resonant converter should have an accurate analysis as a mandatory
requirement for a sound design procedure. In this paper, the modeling and
analysis of the series-parallel resonant converter with a capacitive output
filter using the sampled-data theory is presented. This modeling is presented
in a closed loop form with the converter equipped with the self-sustained
oscillation controller (SSOC) [1]. This modeling procedure should lead to
a successful design of the converter that meets the anticipated performance
features. These features are: zero-voltage-switching (ZVS) down from full
load to no load, acceptable overall working efficiency, significant reduction in
the frequency variation range needed for ZVS to guarantee size compactness,
and an ultra-fast transient response.

A number of attempts was made to attain a speedy transient perfor-
mance by modifying the principle of operation of existing topologies through
adding auxiliary circuits, which increase the number of components and the
conduction losses deteriorating the efficiency [2-6]. Other tried to get new
control topologies capable of providing a higher bandwidth by modifying
existing control configurations, which got the control loop crowded with
components affecting its long-term reliability. In addition, all of their model-
ing suffers tough mathematical computation [2-10]. The proposed converter
with the SSOC has the capabilities to heal all of the above disadvantages.
In order to understand its operation well, an accurate mathematical model
must be derived. The converter employs the sampled-data theory to obtain a
versatile dynamic model capable of emulating the steady state, large signal,
and small signal responses accurately. This sampled data model provides a
systematic procedure to study the converter dynamics, avoiding the previous
continuous time models complexity [11]. This paper is organized as follows:
part II will explain the applicability of the self-sustained oscillation (SSOC)
topology to the proposed converter, in part III the derivation of dynamic
model is investigated, in part IV analytical, simulation, and experimental
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results for a design case are studied. Finally, conclusions of the originality
of the proposed work are illustrated.

2 Generalization of the self-sustained oscillation
for the series-parallel resonant converter with
capacitive output filter

Let us consider the series-parallel resonant converter with capacitive output
filter of Fig. 1. In order to derive the sampled-data model for this converter,
it is necessary to consider the events that characterize the transition between
the circuit configurations. For the converter of Fig. 1 these events are:

Figure 1: Full bridge series-parallel resonant dc-dc converter with capacitive
output filter.
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1. the turning on of the output rectifiers when the voltage (vcp) is greater
than (vo),

2. the turning off of the output rectifiers when the current (is) crosses
zero,

3. the trailing edge of the voltage (vab) when the control signal (vca)
becomes greater than the saw-tooth signal (st),

4. the leading edge of the voltage (vab) when the current (is) crosses zero.

Figure 2: Modes of operation.
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By assuming that the current (is) crosses zero at t=0, only the events
(a) and (c) occur within the rest of the semi-cycle. As a result, two modes
of operation exist depending on the order of these events within the semi-
cycle, as shown in Fig. 2. Knowing boundary conditions, exact sampled-
data models for both modes can be derived and used to obtain the main
characteristics of the converter.

Before proceeding with the mathematical modeling, it is worth to define
the following basic quantities.

(i) Base time =
√
LSCS = 1

ωo
, (ii) base voltage = Vg = rated input

voltage, (iii) base current =Vg
.p

LS/CS
. With these base quantitiesand

assuming the unit transformer ratio, we find the following state-space rep-
resentation for Mode 1 when the event (1) occurs before the event (3):
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where the symbol (0) is used to denote normalized quantities. Note that
the states of the SSOC, xs and st for the controller model are given in the
Appendix. Similarly, the state space equation that represents the converter
in Mode 2 is:
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The solution of the state space equations (1) and (2) for Modes 1 and 2
can be expressed as:
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where the expositional state transition matrix φ1(.), its integral transition
matrix Ψ1(.), as well as φ2(.) with its expositional integral transition matrix
Ψ2(.) are:
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(5)

ψ1(τ) =
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φ2(τ) =
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ψ2(τ) =



sin(τ) 0
1− cos(τ) 0
β(1− cos(τ) 0

τ 0
0 0

0
kp1 sin(υτ)

υωo
0 1− cos(υτ)


(8)

where β = C s/Cp is the ratio of the series and parallel capacitors, β0=
Ls/Lleak is the ratio between the resonant tank inductance and the trans-
former leakage inductance, the base frequency (rad/sec.) ωo = 1

±√
LsCs

,
the base time τo = 1

ωo
, (ν) is the ratio between the control saw-tooth fre-

quency (ωst) and the resonant frequency,ωst =
p
kp1kp2 , (Rc) is the equiva-

lent series resistance of the output filter capacitance, (i0p) is the normalized
transformer primary current passing through the leakage inductance, (v0co)
is the normalized voltage across the output filter capacitor, and (RL) is the
load resistance.

3 Derivation of dynamic models

3.1 Large signal model

Let us consider that the series-parallel resonant converter operates cyclically
with a succession of linear time invariant circuit configurations in each cycle.
This can be described by a non-linear sampled-data model:

xk+1 = f(xk, uk), (9)

σ(xk, uk) = 0. (10)

The components of the vector xk are the variables of the converter sam-
pled at the moment when the current is crosses zero, and are given by
xk= [i0s(tk) v0s(tk) v0cp(tk) i0p(tk) v0co(tk) xs(tk) st(tk)]T . On the other
hand, the input vector uk is comprised of two vectors, uk = [ pk, wk]. The
components of the vector wk are the transition times, defined as wk = [τ1
τ2]T . Finally, the vector pk contains the input sources of the circuit, that
is, pk = [v0g Vp]T . The function f (.) for Mode 1 is:
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f(xk, uk) = φ2(
Ts
2
− τ2) (11)

·φ2(τ2 − τ1) [(Φ1(τ1)Φ0Wxk +Ψ1(τ1)I1pk] + ψ2(τ2 − τ1)I1pk

+ψ2(
Ts
2
− τ2)I2pk.

However, the matrix (φo) is defined to represent the reset pulse (RP),
which allows the saw-tooth signal to be reset whenever the current (is)
crosses zero, described as:

φo =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0


. (12)

Finally, the matrix (W ) is used to exploit the half-wave symmetry of the
resonant circuit variables and given by:

W =



−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


. (13)

The matrices (I1) and (I2) are introduced to adjust the half-wave sym-
metry analysis of the circuit:

I1 =

·
1 0
0 1

¸
I2 =

·
0 0
0 −1

¸
. (14)

On the other hand, the entries of the vector function σ(.) are constraint
equations related with the event that characterizes the end of each circuit
configuration. For Mode 1 of operation the vector function σ(.) is given by:
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σ(xk, uk) =

 σ11
σ21
σ31


σ11 = [φ1(τ1)φowxk + ψ1(τ1)I1pk]3 − vo

σ21 = φ2(τ2 − τ1) [φ1(τ1)φowxk + ψ1(τ1)I1pk] + ψ2(τ2 − τ1)I1pk]5 − vca

σ31 =


φ2(

Ts
2 − τ2)

· {φ2(τ2 − τ1) [φ1(τ1)φowxk + ψ1(τ1)I1pk] + ψ2(τ2 − τ1)I1pk}

+ψ2(
Ts
2 − τ2)I2pk


1

,

(15)
for Mode 2 of operation the functions f (.) and σ(.) are :

f(xk, uk) = φ2(
Ts
2
− τ2)

· {φ2(τ2 − τ1) [(Φ1(τ1)Φ0Wxk +Ψ1(τ1)I1pk] + ψ2(τ2 − τ1)I2pk}
+ψ2(

Ts
2
− τ2)I2pk. (16)

σ(xk, uk) =

 σ11
σ21
σ31


σ11 = [φ1(τ1)φowxk + ψ1(τ1)I1pk]5 − vca

σ21 = φ2(τ2 − τ1) [φ(τ1)φowxk + ψ1(τ1)I1pk] + ψ2(τ2 − τ1)I2pk]3 − vo

σ31 =


φ2(

Ts
2 − τ2)

· {φ2(τ2 − τ1) [φ1(τ1)φowxk + ψ1(τ1)I1pk] + ψ2(τ2 − τ1)I1pk}

+ψ2(
Ts
2 − τ2)I2pk


1

.

(17)
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For Mode 1, after some manipulations using equations (9), (10), (11),
and (15) we can find that the time constants τ1 and τ2 must satisfy the
relation:

Vo =


[ϕ1(τ1)ϕow[ϕ2(

τs
2 − τ2)ϕ2(τ2 − τ1)ϕ1(τ1)ϕow]

−1

[ϕ2(
τs
2 − τ2)ϕ2(τ2 − τ1)ψ1(τ1)I1 + ψ2(

τs
2 − τ2)I2] + ψ1(τ1)I1]


3

.

(18)

3.2 Static characteristics for operation with self-sustained
oscillation

The boundary between the Modes 1 and 2 of operation in the circuit pa-
rameter space can be found by solving (11) (15), (16), and (17) to find a
steady-state solution with 0<τ1=τ2<Ts/2. Figs. 3 to 6 will be the guide-
line for the design of the converter parameters through the selection of the
minimum possible quality factor (Qs) along with a sufficient voltage ratio
required for ZVS.

Figure 3: Boundaries between the modes of operation.
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Figure 4: Maximum voltage conversion ratio for operation at constant out-
put voltage with a capacitive filter.

Figure 5: Voltage conversion ratio as a function of the control angle γb.
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Figure 4 shows the relation between the voltage conversion ratio (M) and
the maximum quality factor (Qs) for different values of (β). The choice of
a reasonable value around (Qs = 1.5) and (β=1) will guarantee the voltage
ratio of (1.44), which is fairly sufficient to achieve ZVS [Appendix].

Figure 5 shows the variation of the control angle (γb) with the voltage
ratio (M) at different quality factors. The best quality factor that guarantees
a voltage ratio sufficient to achieve ZVS with minimum stress on the tank
elements is around (1.5).

Figure 6 shows that the corresponding switching frequency ratio for
(Qs = 1.5) and (β=1) is around (1.14), lower than the value (1.44) needed
for the conventional variable frequency control, which is a merit for the
SSOC methodology.

Figure 6: Switching frequency ratio with a capacitive output filter.

3.3 Small signal model

In order to derive the small signal model, we must solve the following set of
equations:

xk+1 = xk,
σ(xk, uk) = 0,

(19)
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then, by linearizing the nonlinear sampled model around a given point, this
linear time invariant model can be expressed using the form:

xk+1 = Axk +Buk. (20)

However, the state matrix A can be given as:

A = ∂f
∂x − ∂f

∂w [
∂σ
∂w ]

−1 ∂σ
∂x

A = φ2(
τs
2 − τ2)φ1(τ2 − τ1)φ1(τ1)φOw.

(21)

Also, the input matrix B is described by:

B = ∂f
∂p − ∂f

∂w [
∂σ
∂w ]

−1 ∂σ
∂p

B = φ2(
τs
2 − τ2)φ2(τ2 − τ1)ψ1(τ1)I1 + ψ2(τ2 − τ1)I1 + ψ2(

τs
2 − τ2)I2.

(22)
In solution of these equations, the non-linear sampled data model can be
expressed as a linear time invariant model for small perturbations around
the operating point. In order to determine (τ1) and (τ2) to get the state
space matrices, the following procedure is suggested:

1. define M , and β;

2. from the static characteristics (Figs. 3 to 6), get the (Qs), switching
frequency (Ts), and the required (γb);

3. through (γb), get (τ2);

4. using equation (18), get (τ1);

5. build the state space matrices suitable for any small perturbation sta-
bility test.

4 Simulation and experimental results

4.1 Output filter dynamic response

Normally, the output filter attenuates the low frequency oscillation of the
dc output voltage in addition to the high frequency components of the out-
put current. The second-order LC filter results from a trade-off between
the elimination of output current ripple and the inhibition of the transient
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response due to its inductance. However, the capacitive filter can attain
a faster transient response with a reasonable capacitor value, according to
recent achievements in capacitor design. Two prototypes were made, the
first with an inductive output filter, then the other with a capacitive filter
for performance comparison. The parameters of the two converters working
at 100 kHz and power of 1 kW with input and output voltages of 250 and
100 V, respectively, are tabulated below.

Ls Cs Cp n1 : n2 Lo Co Lleakage ESR of C o

208µH 15.8nF 15.8nF 2.29 10µH 22µF 1µH 1mΩ

Table 1: Converter with an inductive output filter.

Ls Cs Cp n1 : n2 Co Lleakage ESR of C o

55µH 60nF 41nF 13 : 11 220µF 1µH 7.5mΩ

Table 2: Converter with a capacitive output filter.

Figure 7: Simulation results: comparison of transient responses for capaci-
tive and inductive filters.

The simulation results in Figs. 7 and 8 show that the capacitive filter is
capable of delivering a faster dynamic response than that of the LC filter.
Fig. 7 shows that the converter with an inductive output filter suffers a
larger voltage dip for a step disturbance in the output current than that
equipped with a capacitive output filter. Fig. 8 shows that the capacitive
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Figure 8: Simulation results for a capacitive (a) and inductive (b) filters:
full load current (150A/µs) step disturbance shows the robustness of the
converter output voltage with capacitive filter.
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output filter converter has a faster transient response in restoring the output
voltage value with a considerably smaller voltage dip. Consequently, these
features can introduce the proposed converter with capacitive output filter
to be a good candidate for low voltage high current applications since it has
a fast transient response and lower overshoot standing for a reasonable value
of load current slew rate (150A/µsec).

Figure 9: PSIM simulation results: ZVS at full load operation: (a) full load
ZVS turn-on, (b) full load ZVS turn-off.

4.2 ZVS illustration

Simulation in different operating conditions was investigated to assure the
ZVS existence for the proposed converter as shown in Fig. 10. It shows that
the gate-source voltage and the drain-source voltage are acting in an opposite
manner, so that none of them is initiated unless the other is completely
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brought to zero. As a result, the converter enjoys the ZVS at both turn-off
and turn-on in different situations at full load and half load.

Figure 10: PSIM simulation results: ZVS at half load operation: (c) turn-on
ZVS at half load, (d) half load turn-off ZVS.
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Experimentally, the ZVS was tested over the loading range, which in-
cludes short-circuit, full-load, and no-load, with the results shown in Fig
11. It is possible to see that at any of the aforementioned operating condi-
tions the drain-source voltage is already zero before the gate-source voltage
becomes high; in addition the resonant tank current has a phase lag with re-
spect to the inverter output voltage indicating the right polarity to discharge
snubber capacitors of the switches, necessary to achieve ZVS.

Figure 11: Experimental results showing zero voltage switching during (a)
no-load, (b) full-load, and (c) short-circuit. TR1 is the voltage across the
leg B of the inverter vboor, in other words, vds2 TR2 is the gate to source
voltage of the Leg B bottom transistor (vgs2), TR3 is the current through
the series resonant inductor is.
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4.3 Performance evaluation

The capacitive output filter is capable not only to provide zero voltage
switching and faster transient response but also an acceptable overall ef-
ficiency during the whole working range from light loads up to full load, as
shown in Fig. 12.

Figure 12: Experimental results: overall efficiency variation with the load.

4.4 Dynamic model stability

Using the small signal model developed, the stability of the proposed con-
verter with a capacitive filter was tested under a step disturbance in the
control angle from 115˚ to 125˚. The root loci of the sampled data model
shows that the eigenvalues change such that they are always within the unit
circle indicating stability. In addition, the damping ratio provided is 0.75,
showing good robustness.
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Eigenvalues before disturbance Eigenvalues after disturbance
0.0002 0.0001

0.0005 0.0003

0.0788 + 0.0897i 0.0541 + 0.0757i

0.0788− 0.0897i 0.0541− 0.0757i
0.0029 0.0019

−0.0001 0.00008

0.0011 0.0005

Table (3): Eigenvalues of the system.

The frequency bode plot is shown in order to prove the seventh order
presentation as the phase ends at 630˚, the crossover frequency is at (—
20db/decade) to ensure a satisfactory phase margin, and the gain at higher
frequencies is very low in order to attenuate noise at these frequencies. In ad-
dition, it has a fairly reasonable gain at low frequencies to reduce the steady
state error. Finally, the converter has the capabilities to meet satisfactory
control specifications.

Figure 13: Root loci of the system after disturbance.
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Figure 14: Root loci of the system before disturbance.

Figure 15: Bode diagram of the closed loop system.
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In order to test the reliability of the derived dynamic models, a step
disturbance of the load current was done and the outcomes of both the
MATLAB numerical solution of the model equations and the PSIM sim-
ulation results for the same disturbance were matching. As a result, the
dynamic model provided is robust enough to lean on.

Figure 16: Comparison between PSIM (a) and MATLAB (b) simulations.
Load current step disturbance (current scaled by 5 times).
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5 Conclusions

In this paper an accurate sampled-data dynamic model for DC/DC self-
sustained series-parallel resonant converter with a capacitive output filter
has been presented to study the steady state, dynamic, and transient per-
formance. The validity of the proposed modeling technique was proven
through analytical, simulation, and experimental results. It has been shown
in the paper that the series-parallel converter with capacitive output filter
has better transient response than the converter with a inductive-capacitive
output filter. The modeling technique presented in both parts will be useful
in designing the resonant power supplies for a wide range of applications.

Appendix. Advantages of proposed (SSOC) con-
troller over conventional variable frequency con-
troller

In order to illustrate the advantages, we assume the real-time uncertainty
of resonant elements such that:

0.8Lsno ≤ LS ≤ 1.2Lsno

0.8Csno ≤ Cs ≤ 1.2Csno

(A-1)

where (Lsno) and (Csno) are the nominal values of (Ls) and (Cs), respec-
tively. The voltage conversion ratio (M) of the converter, which ensures
operation above the resonant frequency necessary for ZVS, was computed
and shown in Figs.17 and 18 when equipped with both controllers each on
a time.

The conventional variable frequency method will cause a reduction of
(M) up to 62.5%, which means a loss of ZVS. The proposed controller will
have a negligible effect on the maximum voltage conversion ratio (4.7%) to
show its robustness.
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Figure 17: Maximum voltage conversion ratio for a conventional variable
frequency control.

Figure 18: Maximum voltage conversion ratio for the proposed SSOC con-
troller.
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Nomenclature
fo Resonant tank frequency
is Series resonant inductor current
ip Transformer primary side current
n1/n2 Isolating transformer turns ratio
Qs Resonant tank quality factor
St Amplitude of saw-tooth signal
uk Input sources vector
vg Rated input voltage
vin Input voltage
vo Output voltage
V, vab Resonant tank voltage
Vp Reference voltage setting the amplitude of the saw-tooth signal (St)
vp Transformer primary voltage
vsec Transformer secondary voltage
vca Control voltage
vco Voltage across output filter capacitor
vcs,vs Voltage across the series tank capacitor
vcp Voltage across the resonant tank parallel capacitor
wk Transition times vector at sample # (k)
xk State vector given at sample # (k)
xs Integral of the error value in the control loop
β Series to parallel capacitance ratio
β’ Ratio of series resonant tank inductance to leakage inductance
ωo Resonant frequency
ωst Saw-tooth frequency
ωs Switching frequency
υ Ratio of ωst to ωs
γb Control angle
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