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Abstract

The temperature dependence of electron mobility on the surface of
liquid helium is examined. We calculate the contribution to the elec-
tron scattering rate from the surface level atoms (SLA), proposed in
[A.M. Dyugaev and P.D. Grigoriev, JETP Lett. 78, 466 (2003)]. This
contribution is essential at low temperatures T < 0.5, when the He
vapor concentration is exponentially small. The influence of clamp-
ing field on the electron scattering rate is investigated. We also study
the effect of quantum evaporation of electrons from the lowest en-
ergy subband, which leads to the increase in the electron mobility at
high temperature. The results obtained explain several long-standing
discrepancies between the existing theory and experiment on electron
mobility on the surface of liquid helium.

PACS: 73.20.-r, 73.25.+i, 73.40.-c
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1 Introduction

Two-dimensional (2D) electron gas on the surface of dielectric media is the
subject of extensive research for several decades (see, e.g., [1 - 3] for reviews).
The electrons are attracted to the interface by the electric image forces and
become localized in the direction perpendicular to the surface. The surface
of liquid helium has no solid defects (impurities, dislocations, etc.) and
gives a unique chance to create an extremely pure 2D electron gas. The
mobility of electrons on the surface of liquid helium usually exceeds the
electron mobility in the 2D quantum wells in heterostructures by more than
a thousand times. This system simulates the solid-state 2D quantum wells
without disorder. Many fundamental properties of a 2D electron gas have
been studied with the help of electrons on the surface of liquid helium. The
many-body electron effects on the surface of liquid helium are determined
by the interaction between electrons and surface waves (ripplons) and by the
Coulomb electron—electron (e—e) interaction screened by a substrate. The
Wigner crystallization of the 2D electron gas, induced by the Coulomb e—
e interaction, was first observed and extensively studied on the surface of
liquid helium (see [1 - 3] for reviews). Various quantum electron objects
can be experimentally realized on the liquid helium surface (quantum dots
[4], 1D electron wires, [5] quantum rings, [6] etc). The electrons on the
liquid helium surface may also serve for an experimental realization of a
set of quantum bits with a very long decoherence time [7]. The electron
properties in all these quantum systems depend in a crucial way on the
structure and properties of the liquid helium surface itself.

The interface between liquid helium and the vacuum is usually supposed
to be sharp: the density of helium atoms decreases to zero over a distance
of intermolecular spacing, which is much smaller than the size of the surface
electron wave function. The electrons are clamped to the surface by the
image force and by the external electric field. The electrons do not penetrate
inside liquid helium because this penetration costs the energy V0 ≈ 1eV. The
total potential for the electrons on the surface of liquid helium can be written
as [1 - 3]

V (z) =

½ −Λ/z + F z, z > 0
V0 ≈ 1eV, z < 0 , (1)

where Λ ≡ e2(ε − 1)/4(ε + 1), ε is the dielectric constant of helium, and
F = eE⊥ is the clamping electric field. Because the typical electron energy
is of the order of temperature T ¿ V0, it is usually assumed that V0 = ∞.
The energy spectrum and the wave functions in potential (1) can be found
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only numerically. Without the external field (F = 0), the discrete energy
levels and the electron wave functions are given by the same formula as in
the hydrogen atom:

En = −α/n2, n = 1, 2, . . . , (2)

where α = mΛ2/2~2, and the electron wave function on the lowest energy
level in the z-direction is

Ψe(z) = 2γ
3/2z exp(−γz), (3)

where γ = mΛ/~2 . The dielectric constant of liquid helium is ε4 = 1.0572,
α4 ≈ 8K, and γ = (76Å) for 4He and ε3 = 1.0428, Λ3 = 1.205 · 10−21erg ·
cm, α3 ≈ 0.435K, and γ = (101Å )−1 for 3He. Hence, the electron wave
function is rather extended in the z-direction, which reduces the influence
of small surface ripples on the electron motion and makes the mobility of
the 2D electrons gas on the helium surface rather high. At the low electron
concentration Ne ≈ 107cm−2, the mobility of electrons on the liquid helium
surface at T = 0.1K reaches 104m2/V· sec [8], which is about 104 times
greater than the highest electron mobility in heterostructures.

For several decades, the general opinion was that at low enough tem-
perature, i.e., when the concentration of He vapor is exponentially small,
the electrons on the surface of liquid helium interact with only one type
of excitations, the quanta of surface waves, called ripplons. Therefore, the
scattering on surface waves was believed to be the only mechanism determin-
ing the mobility, the cyclotron resonance line width, and other properties of
surface electrons at temperature T . 0.5K [1 - 3].

It has been known for 40 years that bound states of 3He atoms may
appear on the surface of liquid 4He. These surface bound states determine
the value and the temperature dependence of the surface tension of a 3He—
4He mixture [9]. Recently, similar bound states were proposed [10] in the
pure He isotopes and were called the surface level atoms (SLA). These SLA
may be considered a new type of surface excitations of liquid He in addition
to the ripplons. It is the SLA rather than ripplons that determine the
temperature dependence of the surface tension of both liquid helium isotopes
and provide an explanation to the long-standing puzzles [10, 11] in this
temperature dependence [10]. In particular, the SLA explain the exponential
temperature dependence of the surface tension of liquid 3He at temperature
below 0.15K. After taking SLA into account, a very good agreement (up to
0.1%) can be reached between theory and experiment on the temperature
dependence of the He surface tension in a large temperature interval [10].
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An accurate microscopic description of this new type of excitations is a
rather complicated many-particle problem. However, SLA may be consid-
ered phenomenologically similarly to the quantum states of helium atoms
localized above the liquid helium surface [10]. The SLA may also propagate
in the surface plane and have the quadratic dispersion

ε(k) = ESLA + k2/2M∗,

where k is the 2D momentum of SLA along the surface. Both the SLA
energy ESLA and their effective mass M∗ depend on the He isotope 3He or
4He. The SLA energies ESLA are intermediate between the energy Evac of
He atom in the vacuum and the chemical potential µ of this atom inside
the liquid. If we take the energies of He atoms in the vacuum to be zero,
EHe
vac = 0, the chemical potentials are µHe4 = −7.17K and µHe3 = −2.5K
as T → 0, while the energies of SLA, as suggested by the temperature
dependence of the surface tension, [10] are [12]

EHe4
SLA ≈ −3.2K and EHe3

SLA ≈ −2.25K. (4)

Therefore, at sufficiently low temperatures, the concentration of SLA be-
comes exponentially higher than the He vapor concentration, and the influ-
ence of the SLA on the properties of surface electrons becomes more im-
portant than the influence of He vapor. Thus, the scattering on the surface
level atoms affects the mobility, the quantum decoherence time, and other
properties of surface electrons. This influence may give an additional ex-
perimental proof of the SLA existence and provide information on the SLA
microscopic structure.

On the other hand, there is a long-standing discrepancy between the
theory [13] of the electron mobility on the liquid helium surface and the
experimental data (see Fig. 2 in Ref. [8]). First, the measured electron
mobility is usually lower than the theoretically predicted one. This devi-
ation increases as the temperature decreases and suggests the existence of
an additional scattering mechanism, which is important in the intermedi-
ate temperature range between the regions where the dominant scattering
mechanisms are helium vapor atoms and ripplons. Second, according to the
existing theory [13] the ratio of electron mobilities on 3He and 4He surfaces at
the same concentration of helium vapor must be equal to γHe4/γHe3 = 1.33,
where γ is determined by Eq. (3), but experiment shows that this ratio
strongly depends on temperature even in the region where the scattering on
helium vapor should be dominant [8]. The experimental lines (see Fig. 2
in Ref. [8]) even cross each other at the vapor density Nv ≈ 2 · 1018cm−3.
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Other experiments with electron on helium surface also show a consider-
able inconsistency between theory and experiment. Thus, the theory in [14]
predicts the shift of the cyclotron resonance frequency as a function of the
clamping electric field 2—3 times less than the one experimentally measured
[15] (see [1, 2] for a review). The measured linewidth of the "vertical" (i.e.,
intersubband) electron transitions at low temperature is also considerably
larger than the prediction of the theory.

In this paper we only consider the electron mobility on the surface of
liquid helium. We calculate the effect that the scattering on SLA has on the
mobility of 2D surface electrons and analyze (i) whether this influence can
be experiementally separated from other contributions (such as the scatter-
ing on ripplons and vapor atoms) and (ii) whether taking this influence into
account helps to explain the existing discrepancy between theory and ex-
periment. Similar surface states may also occur in other liquids and solids,
such as solid hydrogen or neon, leading to similar questions. We also show
that depopulation of the lowest electron energy subband of electrons with
an increase in temperature (quantum thermal evaporation) may explain the
deviation of the measured electron mobility from the theory in [13] at high
temperature.

2 Electron scattering on helium vapor and on sur-
face level atoms

Vapor atoms or SLA can be considered point-like impurities localized at
points ri. These impurities interact with electrons via a δ-function potential
Vi(r) = Uδ (r − ri). Then there is no difference between the transport and
the usual mean free time τ , which is given by

1

τ
=
2π

~

Z
dzN tot

He(T, z)

Z
d2p0

¯̄
Tpp0 (z)

¯̄2
(2π~)2

δ
¡
εp − εp0

¢
, (5)

where �(p) = p2/2m∗ is the electron dispersion relation, m∗ is the effective
electron mass, and |vp| = p/m∗ is the electron velocity. The 2D matrix
element of the electron scattering by helium atom is

Tpp0 (z) = |Ψe(z)|2 U,
The integration over p0 in (5) eliminates the delta-function, with the result

1

τ
=

Z
dzN tot

He(T, z)Ψ
4
e(z)

A~π
m

, (6)
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where A = m2U2/π~4 = 4πf20 is the cross section of electron scattering on
a He atom. The scattering amplitude f0 of an electron by a helium atom
is usually determined from the energy of the electron inside liquid helium,
which is equal to V0 = 1eV = 2π~2f20nHe/me. At the He atom concentration
nHe = 2 · 1022cm−3, this gives the scattering amplitude f0 = 0.62Å and the
cross section A = 4.8Å2 [1]. This value is in agreement with the direct
measurements of the He atom cross sections [16].

The total density N tot
He(T, z) of helium atoms as a function of the distance

to the surface is a sum of two parts:

N tot
He(T, z) = Nv(T ) + ns(T, z). (7)

The first part Nv is the density of helium vapor. It is roughly independent
of z and is given by

Nv = α

µ
MkBT

2π~2

¶3/2
exp

µ
µHe −EHe

vac

kBT

¶
, (8)

with the spin degeneracy α = 1 for 4He and α = 2 for 3He. The second part
ns(z) is the density of SLA. It depends on the wave function Ψs(z) of an
atom on the surface level:

Ns(T, z) = ns(T )Ψ
2
s(z). (9)

The 2D SLA density ns(T ) differs considerably for 3He and 4He [10]. For
4He it is given by the density of states of a 2D Bose gas[17]:

ns4(T ) =

Z
d2k

(2π~)2
· 1

exp [(ε4(k)− µHe4) /T ]− 1
= −M4T

2π~2
ln

·
1− exp

µ
−∆4

T

¶¸
,

where ∆4 = EHe4
SLA−µHe4 ≈ 4K is almost temperature independent and the

SLA effective mass is M4 ≈ 2.6 MHe4
0 . For 3He the SLA form a 2D Fermi

gas with the density

ns3(T ) = 2

Z
d2k

(2π~)2
· 1

exp [(ε3(k)− µHe3) /T ] + 1

=
M3T

π~2
ln

·
1 + exp

µ
−∆3 (T )

T

¶¸
, (10)

where M3 ≈ 2.25MHe3
0 and

∆3 (T ) = EHe3
SLA (T )− µHe3 (T ) . (11)
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As T → 0, ∆3 = EHe3
SLA − µHe3 ≈ 0.25K [10]. The temperature dependence

of the 3He chemical potential µHe3 (T ) is stronger than that for 4He and
may be essential even at low temperature [18, 19].

Assuming the electron scattering amplitude on vapor He atoms and on
the SLA to be identical, we use (6) to calculate the electron mobility ηe as

ηe ≈
τ

m
=

1

π~A [Nv(T )Iv + ns(T )Is]
, (12)

where we introduce the notation

Is =

Z
Ψ4e(z)Ψ

2
s(z)dz (13)

and

Iv =

Z
Ψ4e(z)dz. (14)

In a weak clamping field E⊥ ¿ 200V/cm we can take wave function (3) for
the ground electron level, which gives

Iv ≈
Z ∞

0
dz
h
2γ3/2z exp(−γz)

i4
= 3γ/8. (15)

In the absence of SLA we then obtain [13]

η ≈ 8

3π~AγNv(T )
. (16)

This estimate of the electron mobility is greater than the experimentally
measured one by a constant factor ≈ 2, [8] which stimulates the study of
electron scattering by SLA.

To calculate the integral in (13), we must know the wave function Ψ2s(z).
An exact calculation of Ψs(z) is a complicated many-particle problem. To
estimate the contribution of scattering on surface atoms to the electron
mobility, we can use an approximate wave function similar to the electron
wave function in (4),

Ψs(z) = 2γ
3/2
s z exp(−γsz), (17)

[to be compared with (3)] with γs =
√−2MESLA/~, where ESLA is the

energy of the surface level and M is the free atom mass: MHe4 = 6.7 ·
10−24g and MHe3 = 5.05 · 10−24g. This gives γHe4

s ≈ (1.3Å)−1 and γHe3
s ≈

(1.87Å)−1. Although the actual SLA wave function may differ from (17),
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as discussed below, the trial function (17) follows the correct asymptotic
behavior: it vanishes as z → 0 and decreases exponentially as z →∞. With
(17), we evaluate integral (13) as

Is(T ) =

Z
64γ6eγ

3
sz
6 exp[−2(γs + 2γe)z]dz

=
360γ3sγ

6
e

(γs + 2γe)
7
≈ γ2e

h
360 (γe/γs)

4
i
. (18)

The ratio

r ≡ ns(T )Is
Nv(T )Iv

≈ ns(T )

Nv(T )

960γ3sγ
5
e

(γs + 2γe)
7

(19)

may be less or greater than unity depending on the temperature and the
clamping electric field. This ratio determines the role of SLA in the momen-
tum relaxation of surface electrons. At low enough temperature, when the
vapor atom density Nv(T ) is negligible compared with the SLA density be-
cause of the large negative exponent in (8), the ratio in (19) is r À 1. In the
opposite limit of high temperature, when exp

£¡
µHe −EHe

vac

¢
kBT

¤
in Nv(T )

is not negligibly small, the ratio r ¿ 1 because of the second factor in the
right hand side of Eq. (19), which contains the small factor (γe/γs)

4 ∼ 10−7.
This small factor (γe/γs)

4 in (18) indicates that the overlap of the elec-
tron and SLA wave functions Ψe(z) and Ψs(z) is small. The SLA wave
function is located at a distance . 5Å from the helium surface, while the
electron wave function given by Eq. (3) vanishes at the surface. Therefore,
integral (13) depends strongly on the behavior of the electron wave function
near the helium surface. The surface electron spectrum (2) and the ground
state wave function (3) were calculated assuming that the potential barrier
at the helium surface is infinite. As shown in [20], the electron spectrum
could be changed distinctly if a finite value of the surface potential is taken
into account. The finite height of this potential barier shifts the electron
wave function toward helium liquid z < 0, making its value at the surface
considerably larger. On the other hand, due to the strong repulsion between
two helium atoms at short distances, the actual SLA wave function is shifted
outward from the surface by the distance d ≈ 1.5Å. It also depends on the
density profile of liquid helium near its surface. We performed the numerical
calculation of the electron wave function Ψe(z) assuming a finite value of the
potential V (z) at the helium surface z = 0 and taking the clamping electric
field into account. In calculating the SLA wave function Ψs(z), we use the
model potential

Vs (z) =

½ −β/z3, z > d
+∞, z < d

,
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where β gives the correct asymptotic behavior at large distance, βHe4 =
117K · Å3 and βHe3 = 87.8K · Å3 [21], and d is fitted to give the correct
energy level value (dHe3 = 1.55Å and dHe4 = 1.79Å). Then the integral in
(13) becomes ∼ 20 times larger than (18), being

Is3 ≈ 4.3 · 10−8Å−2 and Is4 ≈ 1.3 · 10−7Å−2 (20)

for 3He and for 4He correspondingly.

Figure 1: The ground state electron wave function in the vicinity of 3He
surface for tree values of clamping electric field: E = 0 (solid line), E =
10V/cm (dot line) and E = 100V/cm (dash-dot line).

In a strong clamping electric field, the scattering rate of electrons in-
creases due to an increase in the electron velocity in the z-direction: vze ≈
~γe/me [2]. For the scattering on vapor atoms, this increase is slower than
for the scattering on SLA and ripplons. Because γe enters the ratio (19) in
the fifth power, the role of the scattering on SLA becomes more important
in stronger clamping fields. It is impossible to analytically find the wave
function of surface electrons in the presence of both the image potential and
the clamping field. Approximate analytic estimates give that in a rather
strong clamping field (300V/cm < E⊥ < 105V/cm), the scattering rate on
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vapor atoms increases as

Iv ∝
Z
Ψ4 (x)x ∝ E

1/3
⊥ ,

while the scattering on SLA increases stronger,

IS ∝ Ψ4e(1/γs) ∝ E
2/3
⊥ .

We note that the scattering rate on ripplons in strong field E⊥ > 300V/cm is
∝ E2⊥, i.e., the ripplon contribution to the scattering rate in high field grows
even stronger. The results of the numerical calculation for the electron wave
function at different fields and for the integral IS(E⊥) with a finite value of
the barrier V0 in Eq. (1) are shown in Figs. 1 and 2.

Figure 2: Normalized scattering rate on SLA, which is proportional to the
integral (13), as function of the clamping electric field. This figure shows
that the scattering rate on SLA depends very strongly on clamping field.
(IS = IS(E); I

0
S = IS(E = 0)
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In an approximate study, the variational method is traditionally used
with the trial wave function (3), where

γ =
γ1
3

γ0
γ1
+

1 +
s
1−

µ
γ0
γ1

¶61/3 +
1−

s
1−

µ
γ0
γ1

¶61/3
 (21)

is the variational parameter, [1, 3] with γ1 = (γ30 + 27γ3F/2)
1/3, γ0 ≡

γ (E⊥ = 0), and γ3F = 3meE⊥/2~2. For the electron concentration ne =
1.21 · 107cm−2, as in the experiment on 3He in Ref. [8], the minimum possi-
ble value of eE⊥ = 2πe2ne ≈ 10V/cm. The actual clamping field for similar
experiments was ∼ 50V/cm (see, e.g., [20]). The substitution of this value
in (21) gives γ = γ0 accurate to 6 decimal places. But a numerical solu-
tion of the Schrodinger equation for the electron wave function under the
conditions of this experiment shows that the electron wave function in the
presence of an electric field differs perceptibly from the one in zero field. The
results of the simulation for the electron above the 3He surface is shown in
Fig. 1. Since the electron wave function shrinks as the clamping field be-
comes stronger, the integral Iv in (14) increases and the electron mobility
(12) decreases. Our numerical results show that formula (21) is not valid
for the intermediate clamping fields ∼ 10− 300 V/cm.

Shrinking of the electron wave function in the clamping electric field
increases the integrals Iv and Is in the electron scattering rate on helium
vapor and on the SLA. Therefore, this shrinking may partially explain the
monotonic decrease in the electron mobility with an increase in clamping
field, observed in Ref. [24]. At field E⊥ ≈ 800V/cm the observed elecron
mobility is only a half of the mobility at low clamping field. In Ref. [24] this
effect was not explained, but attributed to the electron—electron interaction.

To compare the calculated electron mobility on the helium surface with
experiment we have to take the electron scattering by ripplons into account.
The ripplon-limited mobility in a weak clamping field is given by [1]

ηR =
9σ~3

m2Λ2γ2T

·
cm

dyn · c
¸
, (22)

and in strong clamping field E⊥ it is

ηR =
8σ~

m(eE⊥)2
. (23)

The surface tension of 4He is σ4 = 0.354dyn/cm, and in the limit of weak
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clamping field, we obtain

ηHe4
R ≈ 103

kBT

·
sec

g

¸
=
1.18 · 107
T [K]

·
cm2

V sec

¸
. (24)

On the surface of liquid 3He only short-wavelength ripplons are suppressed
by the high viscosity of the liquid [see Eq. (26-29) of Ref. [10] for the
criterion of damping of thermal ripplons]. However, the leading contribution
to electron scattering comes from long-wavelength ripplons. Therefore, the
ripplon contribution to the electron scattering on the surface of 3He must
be taken into account. The surface tension of 3He is σ3 = 0.1557dyn/cm,
and using Eq. (22) in the limit of weak clamping field we obtain

ηHe3
R ≈ 1390

kBT

·
sec

g

¸
=
1.6 · 107
T [K]

·
cm2

V sec

¸
. (25)

The total electron mobility is

η−1tot = η−1e + η−1R , (26)

where η−1e is given by Eq. (12). At sufficiently low temperatures, when the
concentration of helium vapor is negligible and only scattering on ripplons
and SLA is important for 4He, Eqs. (26),(22),(12), and (20) yield

ηtot =
ηR

1 + ηR/ηe
≈ ηR
1− λ4 ln [1− exp (−∆4/T )] , (27)

where λ4 ≈ 2. For T ¿ ∆4 this becomes

ηtot ≈
ηR

1 + λ4 exp (−∆4/T ) .

Because ∆4 ≈ 4K, the contribution to electron scattering from the SLA on
4He is negligible at all temperatures. For T > 1K, it is much less than the
contribution from vapor atoms, while for T < 1K it is much less than the
contribution from ripplons.

The situation is different for 3He. Performing similar estimates, we ob-
tain for 3He

ηtot =
ηR

1 + ηR/ηe
≈ ηR
1 + λ3 ln [1 + exp (−∆3/T )] , (28)

where λ3 ≈ 1.4. For T ¿ ∆3 ≈ 0.25K, this becomes

ηtot ≈
ηR

1 + λ3 exp (−∆3/T ) ,
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while for T À ∆3, ln [1 + exp (−∆3/T )] ≈ ln 2 and Eq. (28) becomes
ηR+SLA ≈ ηR/2.

Therefore, the contribution of SLA to electron scattering on the 3He surface
can be detected from the temperature dependence of electron mobility in
(28). The shift of the solid line with respect to the dashed line at low
temperatures in Fig. 3 is due to the electron scattering by SLA.

Figure 3: The mobility of surface electrons as function of He vapor density
for 3He in logarithmic scale. The dots are the experimental data from [8].
The dash line is the theoretical prediction by Saitoh [13]. The solid line is
our modification of the Saitoh results where the SLA contribution, influence
of the clamping electric fields E = 50 (solid green line) and E = 100 V/cm
(dot red line), and the penetration of the electron wave function under the
finite potential barrier on the helium surface are taken into account for the
electron scattering rate calculation.

3 Depopulation of the lowest energy subband

As the temperature increases, the occupation numbers of the higher energy
electron subbands also increase. The electron scattering rate on He atoms
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depends on the electron wave function Ψe (z) and is the largest for the lowest
subband [see Eqs. (14) and (13)]. Therefore, the electron thermal evapora-
tion from the lowest energy subband increases the electron mobility. This
effect can explain the deviation of experimental data at high temperature
from Saitoh formula (16) [the upward curvature of the measured electron
mobility at a high gas atom density in Fig. 2 in Ref.[8]].

At high temperature, the electrons scatter mainly on vapor atoms, and
the total electron mobility is then calculated by the formula

ηe =
∞X
k=1

nk
π~ANv(T )Ik

Ã ∞X
k=1

nk

!−1
, (29)

where nk = exp (−Ek/T ) are the occupation numbers of the ground state
and exited levels, Ik ≡

R
Ψ4k(z)dz, and Ψk (z) is the eigenfunction of an elec-

tron on the exited level. At high temperature, the total electron mobility
(29) may differ considerably from the contribution η0 = [π~ANv(T )I0]

−1

of the ground level. We note that the sum in the numerator of Eq. (29)
increases faster than the partition function in the denominator because of
an extra factor 1/Ik. For low electron levels, the external clamping field
is a small correction to the image potential, and 1/Ik ∼ k2 as in the hy-
drogen atom. For higher levels, the clamping field determines the electron
wave function and 1/Ik ∼ k2/3. Although the population of higher levels
is not very large (∼ 0.01 − 0.05), the electrons on these levels contribute
to the conductivity much more than the ground level electrons. The eval-
uation of sum (29) requires the knowledge of the energy spectrum and of
the wave functions in potential (1). For an estimate of the sum in (29),
we use the semiclassical approximation for all excited levels k ≥ 2. For the
ground energy level k = 1, a better accuracy is achieved using the exact so-
lution of the Shrödinger equation in the absence of an external field, which
gives E1 = −7.5K. To check the results of the semiclassical calculation, we
also calculated the sum in (29) using the numerical solution of the exact
Shrödinger equation for the electron energy levels and the wave functions
for the first three exited levels.

The result of the calculation of the sum in (29) as a function of tem-
perature is shown in Fig. 4 for three values of the clamping field: the field
Esat
ex = 2πene = 10V/cm of saturation of electron density in the experiment
of Ref. [8], the field Eex = 20V/cm, and the field Eex = 5V/cm. The in-
crease in the electron mobility on the helium surface ∆ηe depends strongly
on temperature. At the clamping field Esat

ex = 10V/cm and the temperature
T = 1.3, which corresponds to the 4He vapor density Nv = 10

19cm−3, the
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Figure 4: The normalized sum (29) ηe/ηe0 = ηeπ~ANv(T )I0/n0 calculated
for 4He as function of temperature at three different values of external clamp-
ing field: Eex = 5, 10 and 20V/cm. This plot shows how great is the increase
of surface electron mobility due to the evaporation of electrons from the low-
est subband.

calculated increase in the electron mobility due to evaporation from the
lowest energy level is ∆ηe ≈ 10% of the total mobility. This increase is
not sufficiently large to agree quantitatively with the experimental data in
Fig. 2 of Ref. [8]. In particular, the crossing of the calculated electron
mobilities on 3He and 4He surfaces at Eex = 10V/cm occurs at the electron
temperature Te ≈ 1.6K, while in the experiment in Ref. [8], this crossing
occurs at the vapor density Nv ≈ 2 · 1018 corresponding to the temperature
T ≈ 1.1K. This discrepancy may happen for two reasons. First, the electron
temperature Te may differ from the helium temperature due to the heating
of electrons by the electric field Ek parallel to the surface, which is applied to
study the electron mobility. The warm electrons leave the lowest energy level
and interact less with the helium vapor atoms and with ripplons. Hence, the
energy relaxation of the warm electrons is not as fast as for the electrons on
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the lowest energy subband. The problem of heating the electron system by
the parallel electric field was considered in Refs. [23]. The electron temper-
ature becomes considerably higher than the helium temperature at the field
E|| & 10−3V/cm. The second reason could be the screening of the external
electric field by other electrons. Assuming that the experiment in [8] was
carried out in the saturation regime, i.e. with E⊥ ≈ 2πene, the electric field
well above the 2D layer of surface electrons is zero, because it is screened by
the field ∆E⊥ = 2πene of the 2D layer of surface electrons. This screening
is complete only for high electron levels with hzik ∼ (ne)−1/2 and k & 200.
However, even partial screening of the external electric field may drastically
change the temperature dependence of the electron mobility (see the calcu-
lated electron mobility at Eex = 5V/cm plotted in Fig. 4). Because the
partition function

P
k exp (−Ek/T ) diverges without an external field, the

high levels may make an essential contribution to the electron mobility if
the value of the clamping electric field corresponds to the saturation regime
Eex = 2πene. We see that the electron mobility on the helium surface at
high temperature depends strongly on the applied electric field. Unfortu-
nately, the clamping field is not specified in Ref. [8], and we cannot therefore
make a quantitative comparison with the experimental data there. In Ref.
[25], the electron mobility was measured in the saturation regime at the field
E⊥ = 30V/cm, and the deviation from the simple exponential temperature
dependence in (16) was observed at T > 0.85K, showing a substantial popu-
lation of higher energy levels at this temperature. In the experiment in Ref.
[26], performed at E⊥ = 200−400V/cm, no considerable deviation from the
exponential temperature dependence of the electron mobility was observed
up to T ≈ 2K. We note that the electron mobility measured in Ref. [26]
is also less than the prediction following from Eq. (16) by a constant factor
∼ 4 in the entire temperature range.

In Fig.5 we show the results of calculation of the electron mobility above
4He at the clamping field E⊥ = 50 V/cm considerably stronger than the
saturation field Esat = 10 V/cm in experiment [8]. The figure demonstrates
an increase in the mobility with respect to the Saitoh results and a better
agreement with experiment in this temperature range. This evaluation un-
derestimates the effect of the electron evaporation from the lowest energy
subband because it does not take the screening of clamping electric field
by surface electrons into account. The accurate calculation of the screening
effect may substantially improve the agreement with experiment.
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Figure 5: The mobility of surface electrons as function of He vapor density
in logarithmic scale. The dots are the experimental data from [8]. The dash
lines are the theoretical prediction by Saitoh [13] for 4He and 3He. The
solid line represents the mobility of electrons above 4He calculated while the
population of three exited levels had been taken into account.

4 Conclusion

To summarize, we investigated the two effects that influence the mobility of
electrons on the surface of liquid helium.

First, we studied the electron scattering by the new type of excitations,
recently proposed in Ref. [10] and called surface level atoms (SLA). The elec-
tron scattering by SLA is reduced by the small overlap between the wave
functions of electrons and SLA. It turns out to be negligible for electrons
on the surface of liquid 4He. Electron scattering on SLA is only essential
on the 3He surface at temperatures below 0.4K, when the concentration of
helium vapor is exponentially small. The electron scattering rate on SLA
increases with the increase in the clamping electric field. The temperature
and clamping field dependence of the SLA contribution to the electron scat-
tering differs considerably from that of ripplon scattering [see Eq. (28)].
Therefore, the electron scattering by SLA can be separated from the experi-
mental data on electron mobility above 3He, which can provide an additional
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proof of the existence of SLA (currently, the only experimental substanti-
ation of the SLA existence comes from the temperature dependence of the
surface tension of liquid He [10]. The contribution from the SLA improves
the agreement between theory and experiment as regars the surface electron
mobility (see Fig. 3). However, this contribution alone is not sufficient to
explain all puzzles in the temperature dependence of the surface electron
mobility. For example, it does not explain the two-times smaller electron
mobility than predicted in [13] at a temperature ∼ (0.5 − 1)K when only
the scattering by vapor atoms should be essential. A quantitative estimate
of the contribution of SLA to the surface electron scattering rate requires
a more profound study of the microscopic structure of SLA. We leave this
study for future publications, showing only that the SLA may considerably
change the surface electron mobility in some temperature range. The SLA
may also affect other properties of the surface electrons, such as the cy-
clotron resonance line width and the quantum decoherence time of surface
electrons in various configurations. In particular, the SLA may considerably
influence the properties of quantum electron states on the helium surface
in the confining in-plane potential. Since the ripplon-limited width of the
electron transitions between localized states in quantum dots on the surface
of liquid helium is much smaller than the level width of delocalized electrons
[27, 28, 29], the contribution to the level broadening and to the quantum
decoherence time from the SLA could be dominant.

At high temperatures, T > 1K for 4He and T > 0.7K for 3He, the evap-
oration of electrons from the lowest energy subband may become essential.
This evaporation leads to a considerable increase in the electron mobility,
which depends strongly on temperature and on the external clamping field
(see Fig. 4). This evaporation explains the increase in the measured elec-
tron mobility [8] at high temperature compared to Saitoh formula (16). This
evaporation also explains the crossing of the mobility graphs of 3He and 4He
as functions of the He vapor concentration, which in the experiment in [8]
occurs at Nv ≈ 2 ·1018. Quantitative results of the temperature dependence
of the electron mobility depend very strongly on the value of the clamping
electric field, which is not given in Ref. [8]. Therefore, we perform only
a qualitative comparison with the experimental data on the temperature
dependence of electron mobility.

The work was supported by the RFBR grants No 06-02-16551, 06-02-
16223, and MK-4105.2007.2.
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