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Abstract
The double integral

E(a,b) = / dx/ dy\/1+ acos x4 bcos y
0 0
is evaluated in terms of complete elliptic integrals.

PACS: 02.30.Gp, 05.50.4+q
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V. Barsan|[1] has recently investigated a double integral equivalent to

E(a,b) :/ d:r/ dy\/1+4 acos x +bcos y (1)
0 0

which, by means of an ingenious procedure, he expressed as a derivative
of a hypergeometric function of two variables. In this note we show that
(1) can be reduced in a relatively direct manner to a simple combination of
complete elliptic integrals. let us assume that 0 < a4+ b < 1 and initially
that Re s > 0. Then, in the usual way one has
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I—/ da:/ dy(l1+acos z+bcos y) ° =
0 0

1 00 T ™
/ dStS_le_t/ dl‘/ dye—atcos z—btcos y _
I'(s) Jo 0 0
2

s

— t5~ L™t Iy (at) Iy (bt)dt. 2
= (at) To(01) )
The latter is a tabulated Laplace transform|[2] yielding

T = 72Fy(s/2, (5 + 1)/2 1, Lu(l - v),0(1 — w)) (3)

with

1
u:§[1+a2—62—\/(1+a2—b2)2—4a2]

1
v:§[1—a2+b2—\/(1—a2+b2)2—4b2]. (4)
(Note that u(1 —v) = a?, v(1 —u) = b%). Now, by analytic continuation
we can take s = —1/2. Next, by L. Slater’s reduction formula[3], one has

E(a,b) = w%[ o F1(=1/4,1/4; 1;u) o F1(—1/4,1/4; 1;0)+

o 2F(3/4,5/4:2% ) 2F3 (3/4,5/4,20)). (5)

Finally, since[4]

DFy(—1/4,1/4;1;22) = %\/1 TZE(k)
__8
w22\/1+ 2

2z
1+ 2

2F1(3/4,5/4;2;2%) = [K(k) = (1 + 2)E(k)] (6)

k=

we have the desired expression
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10 8) = 2/0+ Vi) (1 -+ VORIV BV +

KEVOIKEWD LV oo
T || T BV (E)

1++v
\/ mEU‘f(ﬁ)]K[k‘(\/ﬂ)] (7)

For the case a = b (3) and (7) simplify to

1 T [ T 2
Z/ / V/1+a(cos x4 cos y)dzdy = % 3Fy(—1/4,1/4,1/2;1,1;4a?) =
o Jo

21+ VAER(E) + (1 + va) K2(K) — 2B(k)K (), (®)
where v = (1 — V1 —4a?)/2, k = \/2/u/(1 + Vu).
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